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a b s t r a c t
A short proof of the following result is given: for every semi-normalized sequence (x∗n) in
a dual Banach space X∗ with 0 ∈ {x∗n}w
∗
, there exists a bounded sequence (xn) in X and a
basic subsequence (x∗kn ) such that ⟨x∗ki , xj⟩ = δij.
© 2012 Elsevier Inc. All rights reserved.
Johnson and Rosenthal (Theorem III.1 and Remark III.1 in [1]) outlined a proof of the following weak∗ analogue of the
Bessaga and Pelczynski selection principle. Recall that a sequence is called semi-normalized if it is bounded and bounded
away from zero.
Theorem 1. If (x∗n)∞n=1 is a semi-normalized sequence in a dual Banach space X∗ and 0 is a weak ∗-cluster point of {x∗n : n ∈ N}
then there exist a basic subsequence (y∗n)∞n=1 of (x∗n)
∞
n=1 and a bounded sequence (yn)
∞
n=1 in X such that ⟨y∗i , yj⟩ = δij for all
1 ≤ i, j <∞.
The most general criterion for the existence of basic subsequences is the following.
Theorem 2 ([2, Theorem 1.5.6], [3]). A semi-normalized sequence (xn)∞n=1 in a Banach space contains a basic subsequence if and
only if one of the following conditions holds:
(a) (xn)∞n=1 has a weakly null subsequence;
(b) (xn)∞n=1 does not have any weakly convergent subsequence.
Theorem 1 is a useful tool for proving results using duality, and it has produced many interesting consequences. We
mention, among them, the existence of a quotient with a basis for every infinite dimensional separable Banach space
[1, Theorem IV.1], a characterization of spaces admitting a quotient isomorphic to c0 [4], a perturbative characterization of
cotauberian operators [5], conditions implying that the injective tensor product of twoBanach spaces has theDunford–Pettis
property [6], and results on the perturbation classes for semi-Fredholm operators [7,8].
Here we give a short proof of Theorem 1, which can be roughly described as follows: passing to subsequences, first we
find a bounded sequence (xn)∞n=1 in X such that the matrix (⟨x∗i , xj⟩)∞i=1∞j=1 is lower triangular with main diagonal entries
equal to 1. And then, we perturb the elements xj to make zeros in the finite rows below the main diagonal.
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Proof of Theorem 1. We fix ε > 0, and denote by BX the closed unit ball of X . By Theorem 2, passing to a subsequence we
can assume that (x∗n)∞n=1 is a basic sequence.
First step: there exists a bounded sequence (xn)∞n=1 in X such that ⟨x∗i , xj⟩ = δij for all 1 ≤ i ≤ j <∞.
Let (Gn)∞n=1 be the sequence of coordinate functionals associated with (x∗n)
∞
n=1 and, for each n, let x∗∗n be a Hahn–Banach
extension of Gn. Thus ⟨x∗∗i , x∗j ⟩ = δij and ∥x∗∗n ∥ ≤ K for some constant K .
Since BX is weak∗-dense in the unit ball of X∗∗, we can choose x1 ∈ K(1+ ε)BX such that ⟨x∗1, x1⟩ = 1. Suppose that the
elements x1, x2, . . . , xn in K(1+ ε)BX satisfying ⟨x∗i , xj⟩ = δij for 1 ≤ i ≤ j ≤ n have been chosen.
We denote by F and G the annihilators of {x∗1, . . . , x∗n} in X and X∗∗, respectively. Note that, since G = F⊥⊥, the unit ball
BF is weak∗-dense in BG. Since x∗∗n+1 ∈ KBG, we can find xn+1 ∈ K(1+ ε)BF such that ⟨x∗n+1, xn+1⟩ = 1.
Second step: there exist a subsequence (x∗nk) and a sequence (uk)
∞
k=1 in εBX such that ⟨x∗ni , xnj +uj⟩ = δij for all 1 ≤ i, j <∞.
We take n1 = 1, and we will find recursively sequences (ulj)∞l=j+1 in X (j = 1, 2, 3, . . .) giving uj :=
∞
l=j+1 ulj.
Choose n2 > 1 large enough that α := ⟨x∗n2 , x1⟩ ∈ (−ε/2 , ε/2). Let u21 := −αxn2 . Thus ⟨x∗n2 , x1 + u21⟩ = 0.
Assume that for k ≥ 2, we have selected positive integers 1 = n1 < n2 < · · · < nk and finite sequences
(ulj)k−1j=1 , l = 2, . . . , k
such that ∥ulj∥ < ε/2l and, defining vkj :=kl=j+1 ulj, we have
⟨x∗ni , xnj + vkj⟩ = δij, 1 ≤ i ≤ k, 1 ≤ j ≤ k− 1. (1)
Now, since 0 ∈{x∗i : i ∈ N}
w∗
, we can select nk+1 > nk such that
αj := ⟨x∗nk+1 , xnj + vkj⟩ ∈ (−ε/2j+1, ε/2j+1), 1 ≤ j ≤ k.
Define uk+1,j := −αjxnk+1 for j = 1, . . . , k. Thus, for all 1 ≤ i, j ≤ k,
⟨x∗nk+1 , xnj + vk+1,j⟩ = 0 and
⟨x∗ni , xnj + vk+1,j⟩ = ⟨x∗ni , xnj + vkj⟩,
showing that (1) holds for k+ 1, and by recursion, (1) holds for all k ∈ N.
Next, for every j ∈ N, we define uj := limk vkj =∞k=j+1 ukj. Clearly, ∥uj∥ ≤ ε. Moreover formula (1) yields
⟨x∗ni , xnj + uj⟩ = limk ⟨x
∗
ni , xnj + vkj⟩ = δij, 1 ≤ i, j <∞.
The proof is finished by taking y∗i := x∗ni and yj := xnj + uj. 
Remarks.
(i) A proof of Theorem 1 using the arguments suggested in [1] can be found in [9, Lemma 3.1.19].
(ii) Applying again Theorem 2, we can replace the sequence (yn)∞n=1 in X by a basic subsequence.
Indeed, it is clear if (yn)∞n=1 does not contain anyweakly convergent subsequence or contains a weakly null sequence.
In the remaining cases, (yn)∞n=1 contains a weakly convergent subsequence (ynk) to a non-zero y ∈ X . Thus, (ynk − y) has
a basic subsequence, and it is enough to observe that ⟨y∗i , y⟩ = 0 for all i.
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